We prove an analogue of Kostants convexity theorem for thick (discrete) affine buildings. Fix an appartment A and a point x ∈ A. We show that the image of the set of points with fixed distance d to x under the retraction from infinity is the convex hull of the spherical Weylgroup orbit of any y ∈ A with d(x, y) = d.
Introduction
Convexity theorems exist in many different contexts. The general motivation is to understand how different projections onto a fixed subset of a given space (in our case an apartment of an affine building) differ or to understand the interaction of group actions and retractions onto the fixed subset.
In [Kos73] Kostant proves his convexity theorem for semisimple Lie groups G. They have a decomposition, known as the the Iwasawa decomposition G = KAN into a compact part K, an abelian part A and a nilpotent part N . All elements g ∈ G have a unique decomposition as g = kan, where k, a, n lie in K, A, N , respectively. There is the natural retraction r A sending g onto its A-component, i.e. r A (g) = a where g = kan. For any b ∈ A denote by A(b) ⊂ A the convex compact set having the Weyl group orbit W b as extremal points. Then it is shown in [Kos73] that A(b) = {r A (vb) : v ∈ K} = r A (Kb)
i.e. projecting onto the A-component after taking the orbit under K gives the complete convex hull of b.
We prove an analogue for affine buildings. Therefore, fix an apartment A in an affine building ∆. One can consider different retractions of ∆ onto A, namely the retraction r fixed at the opposite −C f of the fundamental chamber and the retraction ρ fixed at −C f the opposite of the fundamental sector (which corresponds to the spherical chamber at infinity associated to it).
Denote the set of endpoints of all minimal galleries of a given type t in ∆ starting in 0 by G t . Let y be a special vertex in A. The distance δ of 0 and y measured as type t γ of a minimal connecting gallery γ leads to the following equality: r −1 (W y) = G tγ .
Further, we introduce the notion of the dual convex hull A 0 (y) of the Weyl group orbit W y and show for the set of points of the same type as y in the dual convex hull (denoted by A type 0 (y)) that the following holds.
Theorem (Convexity theorem). Let ∆ be a thick affine building. Fix an appartment A and a special vertex x ∈ A.
Then for all special vertices y ∈ A the following holds: ρ(G δ(x,y) ) = A type x (y).
Since these retractions are chamber maps (i.e. preserve adjacency of chambers) we learn more about them by regarding images of minimal galleries. In [GL05] Gaussent and Littelmann studied this retraction from a different point of view where they give a geometric interpretation of the path model of a representation of complex semisimple algebraic groups. They show that under ρ minimal galleries in ∆ are mapped to positively folded ones in A. The idea then was to prove the theorem by just considering positively folded galeries in A. Fix a gallery γ from 0 to y and let t be its type. It is then enough to show the following two things: We have the reaching proposition, i.e. any vertex x in A type 0 (y) is the endpoint of a positively folded gallery of type t. This is an easy consequence of a characterformula proven in [GL05] . Combining this with the fact that folded galleries in A can be unfolded in ∆ such that the image under ρ is the folded one, we can give a proof of the convexity theorem.
It is a natural question whether in the generalized setting of affine R-buildings the convexity theorem also holds, since Anne Parreau showed in [Par00] that these retractions are also defined there. We are working on a geometric proof of the convexity theorem including affine R-buildings.
Assume that the regarded R-building has automorphism group Aut(∆) acting transitive on the set of apartments. Then we can describe the set G t (defined as above) as the orbit of x under the stabelizer of 0 in Aut(∆) where x is the endpoint of one of the galleries in G t . Then the theorem reads als follows:
In this case we obtain an analogue of Kostant's theorem for the Iwasawa decomposition of Aut(∆).
I would like to thank Linus Kramer for suggesting the question and for his encouraging and continuous support and Christoph Schwer for pointing out the work of Gaussent and Littelmann to me.
Preliminaries

Definitions
Here we want to fix some notations. For all definitions not stated see for example [Bro89] .
Let ∆ be an affine building with apartment system A. Let W a denote the affine Weyl group and W the associated spherical Weyl group. Let (α 1 , . . . , α n ) be a basis of simple roots. Let W x denote the (spherical) Weyl group at a special vertex x, i.e. the reflection-group generated by the translated generating hyperplanes of W into x. By C f we notate the fundamental (spherical) sector in 0 and by H + i (resp. H − i ) the halfapartment uniquely determined by the hyperplane H i corresponding to the root α i and containing the fundamental sector (resp. its opposite sector −C f ). The fundamental chamber (of the given affine root system) is denoted by C f . By W y 0 we denote the orbit of y 0 under the group action of W . By a gallery γ from a special vertex x to a special vertex y in the affine building ∆, also denoted by γ : x y, we mean a gallery such that the first chamber contains x and the last chamber contains y.
There a two distance functions often used in an affine building. Given two chambers C, D ∈ Ch there is the W a -valued distance δ : Ch × Ch −→ W a defined as follows: The chambers C, D are represented by elements {w}, {w ′ } of the affine Weyl-group, respectively. The distance is defined to be δ({w}, D) ), i.e. the length of the word δ(C, D) ∈ W a . The distance d in ∆ is such that for two chambers d(C, D) is the length of a minimal gallery joining C and D. These distance functions induce distance functions on the set of vertices. Let x, y be two vertices in ∆. Let γ be a connecting minimal gallery which is defined to be the shortest gallery (D 0 , . . . , D n ) in ∆ such that x is a vertex of D 0 and y is a vertex of D n . The distance δ(x, y) then is defined to be the distance δ(D 0 , D n ) and in the same
Retractions
We consider several distinct retractions onto a fixed apartment A 0 in ∆, which will be used to state the convexity theorem. We can extend the numerical distance d to a distance function on the vertices in ∆ defining the distance d(x, y) of two vertices x, y to be the distance of the first and the last chamber in a minimal gallery connecting x and y. Let x be a point in A and fix a chamber C in A at x. Let C denote the sector at x containing C. We can assume w.l.o.g. that x = 0, C = −C f and C = −C f since if not we can use the group action of W a and transform it to this situation.
Retraction centered at C
There exists a unique retraction r A,C : ∆ −→ A such that
We call r A,C the retraction centered at C. If it is clear which apartment is fixed and what we are talking about we also use the notation r instead of r A,C .
By the first property we directly can conclude that r
Retraction centered at −C f
There exists a unique retraction
We call ρ A,−C f the retraction centered at −C f . The notation ρ instead of ρ A,−C f is also used.
Retraction centered at x
Let x be (as above) a vertex in A. Denote by f the quotient map f : A → A/W x , the so called accordeon map which maps z to its equivalence class under the following equivalence relation: z ∼ y if z = wy for w ∈ W x . Let C be any chamber at x. We call the retraction defined by
the retraction centered at x. It is of course also distance diminishing.
Remark 2.1. All retractions above are defined on the set of chambers in an affine building. We can also interpret all retractions as defined on vertices, taking the image of a vertex x to be the vertex of the same type of the image of any chamber C containing x.
We fix a point x ∈ ∆ and introduce the following notation: The set of all minimal galleries in ∆ of type t starting in x is denoted byĜ t . The endpoints of the galleries inĜ t are denoted by G t .
Lemma 2.2. Let A be an appartment, x ∈ A and y ∈ C special vertices, where C is any sector at x. Let C be the chamber at x associated to C. We can show that
where π x is the retraction onto A centered at x and δ the Weyl-group distance.
Proof. Without loss of generality we can assume that x = 0 and C = C f is the fundamental sector.
By definition of π 0 we have π
A,C (f −1 (y)). Since f −1 (y) is just the orbit of y under the spherical Weyl group W 0 at 0 we get π
The map r A,C is a retraction and hence preserves neighbourhood relations and distance to C. With this galleries in ∆ of a given type t are mapped onto galleries in A of the same type and the distance to x is also preserved. Let γ : 0 y be a minimal gallery of fixed type t γ . Given z ∈ W y we have
a,C (z), and therefore r −1 a,C (W y) ⊂Ĝ tγ . It remains to show the opposite inclusion. Let γ ′ : 0 z ′ be an element of G tγ , where
Let D 0 = C: Then, since type and distance to C is preserved, r A,C (γ ′ ) is the unique minimal gallery of type t γ in A starting in C. But then r A,C (z ′ ) = y.
This distance is preserved under the retraction r A,C . Denote by σ : C D 0 a connecting minimal gallery of type t σ := δ(D 0 , C) ∈ W . In this special situation we can concatenate the galleries γ ′ and σ and get a gallery σ * γ ′ of type t σ t γ . The image r A,C (σ * γ ′ ) is the unique minimal gallery of type t σ t γ starting in C. But then the image D ′ 0 of D 0 is contained in W C with δ(D ′ 0 , C) = t σ and we get that r A,C (γ ′ ) is the unique minimal gallery of type t γ starting in D ′ 0 . Therefore r A,C (z ′ ) ∈ W y and hence r −1 A,C (W y) = G tγ .
Folded galleries
Let γ = (C 0 , . . . , C n ) be a gallery of type t = (t 1 , . . . t n ). Let Proof.
the folding is positive (negative) if the corresponding folding hyperplane
1. The proof of the first assertion is clear since r 0 preserves distances to −C f and neighborhood of chambers. .
2. Let k ≤ l be the index such that C k is contained in A and C k+1 is not.
Since
Define a second index i as the minimum of all indices j such that there exists an apartment A ′ containing (C i , . . . , C l = D) and a subsector of −C f . Restricted to such an apartment A ′ the map ρ is an isometry onto A and therefore the image of (
Let y be a vertex in ∆ \ A 0 and γ now be a minimal gallery from 0 to y. We can extend γ to a gallery One remarkable thing is the statement of the following lemma of Gaussent and Littelmann (compare Lemma 10 on page 30 in [GL05] ). For the proof of the convexity theorem we do not need this result but it ensures that it is enough to regard positively folded galleries to proof the reaching proposition in section 3.2.
Lemma 2.7. [GL05] Given an apartment A, let γ be a negatively folded gallery with endpoint y in A and let y 0 be the endpoint of a minimal gallery of the same type as γ ending in the fundamental sector. Then
Convexity theorem
To prove a convexity theorem for affine buildings the first thing is to find an appropriate definition of convex hulls of the orbit of a special vertex under the spherical Weyl group in a fixed apartment.
Dual convexity
The known definition of convex sets as (finite) intersection of halfappartments leads to the following problem: Since the retractions are distance diminishing we can not guarantee that all points contained in the convex hull of the orbit are reached as an image. Take for example an affine apartment of type A 2 with root basis α 1 , α 2 and regard the convex hull of the orbit W y of y := e 1 + 2α 1 + 2α 2 , where e 1 is the vertex of type 1 of the fundamental chamber, i.e. the vertex opposite the edge of type 1. The point z := e 1 + α 1 + 3α 2 is also contained in the convex hull of W y with distance d(z, 0) ≥ d(y, 0). But then this point can not be reached by images under distance diminishing retractions. We therefore have to use another definition of convexity avoiding such examples. Let B = {α 1 , . . . , α n } be the basis of the given reduced root system R in a vector space V and denote by P (R) the group of weights. (For definitions see [Bro89] p.179ff.) The fundamental weights are the elements of the dual basis (ω α ) α⊂B of B ∨ . They form a basis of the group of weights. We will also write ω i instead of ω α i . Besides the fundamental sector C f we can define a dual sector in the affine apartment Definition 3.1. The positive cone C p is defined as
Remark 3.2. The positive cone C p is generated by the positive root basis α i , i = 1 . . . n. We especially have that α i ∈ C p for all i = 1 . . . n.
We could also use the notation dual fundamental cone since C p is the dual of C f in the sense of the following definition:
By duality of the two bases (α 0 , . . . , α n ) and (ω 0 , . . . , ω n ) the following descriptions of C f and C p are given
• The fundamental sector C f can be described as
k i ω i with k i ≥ 0 for all i = 0, . . . , n}
• The positive cone can be described as
We can now define Definition 3.3. The dual hyperplane H α associated to the root α is the set
In the same way one defines convex sets in apartments we now define what we mean by dual convexity.
Definition 3.4. A set Ω ⊂ A is called dual-convex if it is the intersection of dual halfappartments H
± α := {x ∈ A : ω α , x ∨ ≥ (≤)0} where we take the empty intersection to mean A. We say Ω is closed dual-convex if it is the intersection of finitely many dual halfapartments.
The dual-convex hull of a set X ⊂ A, denoted by conv * (X), is the intersection of all dual halfapartments containing X, i.e. it is the smalest dual convex set containing X.
We can prove the same description of the dual convex hull of an orbit as Kostant does for his convex hull of an orbit, compare [Kos73, Le 3.3]. We therefore write A 0 (y) for the dual-convex hull of W y, i.e. of the group orbit of a vertex y in A under the spherical Weyl group W centered at 0. Denote by A type 0 (y) the subset A 0 (y) ∩ {all points x in A 0 (y) such that type(x) = type(y)}. Proof. Since A type 0 (y) is symmetric under the group action of W it is enough to show the assertion 2. for elements x ∈ type A 0 (y) ∩ C f .
We know that A type 0 (y) ∩ C f is bordered by the hyperplanes H α i defining C f and the dual hyperplanes H α i ,k i := {x ∈ A : ω i , x = k i } where k i := ω i , y . One has
where H − α i ,k is defined as stated above. Assume x ∈ A type 0 (y) ∩ C f . But then for any x ∈ A type 0 (y) ∩ C f we know that ω i , x ≤ ω i , y for all i = 0, . . . , n. Therefore we can conclude that
But this is nothing else than y − x ∈ C p .
Conversely assume x ∈ C f and y − x ∈ C p . We then again know that
This implies ω i , y ≥ ω i , x and therefore, since x ∈ C f and type(x) = type(y), that x ∈ A type 0 (y).
We could have formulated this for any other point x ∈ A and the spherical Weyl group W x (centered at x) as well. This would be denoted by A x (y), resp. A type x (y).
We are now in the position to state the convexity theorem:
Theorem 3.6 (Convexity theorem). Let ∆ be a thick affine building. Fix an appartment A and a special vertex x ∈ A. Then for all special vertices y ∈ A the following holds: ρ(G δ(x,y) ) = A type x (y). It is enough to prove this for x = 0. But nevertheless we need to get a better understanding of the involved retractions. We know by lemma 2.5 that any gallery is mapped under the retraction ρ to a positively folded one of the same type. Knowing this we have to show the following two things. First we will show in section 3.2 the fact that any x ∈ A type 0 (y) is the endpoint of a positively folded gallery of the same type as a given gallery connecting 0 and y. The second thing to prove, compare section 3.3, is that for any positively folded gallery in A connecting 0 and a point x ∈ A type 0 (y) can be unfolded such that the unfolded gallery is mapped onto the folded one under the retraction ρ.
The proof of Theorem 3.6 then is given at the end of section 3.3.
Reaching vertices via folded galleries
There is a connection between folded galleries and the reflection of endpoints at hyperplanes. Folding the gallery (C 0 , . . . , C n ) of type (t 1 , . . . t n ) at i corresponds to the reflection of the subgallery (C i , . . . , C n ) at the hyperplane H i = supp(F t i ) where F t i is the wall of the chamber C i of type t i . Therefore the endpoint of the gallery is mapped onto its image under the reflection at H i . But (of course) not every image of a reflection of the endpoint can be reached by a folded gallery. Nevertheless we can establish a connection between the points in A type 0 (y) and endpoints of folded galleries of the same type as a given gallery from 0 to y. We hope that this fact will be useful to prove the reaching proposition stated below with geometrical methods.
Remember that α 1 , . . . , α n denoted a basis of the root group.
Definition 3.7. [Bou02] We define an order relation on
A vertex in an apartment A of the same type as 0 can always be written as linear combination of the root basis. Any other vertex x is of the form x = e j + n i=1 x i α i where e j is the unique vertex of the fundamental chamber C f such that type(e j ) = type(x). But then we can also define an order relation on any vertices of the same type by x ≥ y :
The main thing to show here is Even though this proposition can be stated just in terms of an coxeter complex, i.e. an appartmet of an affine building, it seems to be a hard problem. There is a proof using representation theory, which we will sketch here. It is an easy consequence of the Character Formula proven by Gaussent and Littelmann in [GL05] . They also investigate the retraction from infinity and the structure of the set G δ(x,y) in the case that the building is regular, i.e. that all residues of codimension 1 simplices have the same cardinality. We hope to find a purely geometrical proof that can be generalized to R-buildings. Nevertheless this is a nice connection to the representation theory of algebraic groups.
Proof. Let γ be a gallery from 0 to y and denote by t its type. Let Γ + t be the set of all positively folded galleries in A starting in 0 of type t. This set of galleries contains a subset LS(t), the so called LS-galleries which we will not specify here. Denote by S y the character of the irreducible heighest weight representation V y with heighest weight y for a suitably chosen group G (where G is semisimple algebraic or a compact Lie group) such that the coweights X ∨ form the charactergroup of the maximal torus. Let σ be a gallery. Denote by wgt(σ) the vertex of type type(y) of the last chamber of σ. We can use the equality of the following two different character formulas (proven by Gaussent and Littelmann) to achieve the assertion:
Here the x wgt(σ) are group like elements of the group algebra associated to the weights of the LS-galleries. 
Unfolding folded galleries
Here we prove that any positively folded gallery leads to a non-folded gallery in ∆ of the same type which is (under ρ) retracted to the given one. Combining this with the reaching proposition for positively folded ones the convexity theorem follows.
For a better notation we first introduce another terminology for a gallery, where we additionally write down the codimension 1 faces and the endpoints which is the same as prescribing the type of the gallery.
Definition 3.9. A generalized gallery is an alternating sequence of faces and chambers
such that C i is a chamber ∀i = 0, . . . , l and F i is a codimension one face of C i−1 and C i for all i = 1, . . . , l. The first F 0 and the last face F l+1 are of arbitrary dimension smaller than dim(C i ). 
Using the above definition the assertion can be written as . Proof. Denote by J the set of indices j ∈ {1, . . . , n} where a given positively folded gallery is folded, i.e. for any folding hyperplane H j := supp(F j ) the index j is contained in J = {j 1 , . . . j k }.
The gallery γ = (0
is the positively folded generalized gallery in A regarded. Assume j 1 is the smallest index in J , i.e. the first index where γ is folded.
Since ∆ is thick there exist apartments
. We can use these three apartments, intersecting pairwise in halfapartments, to unfold the gallery γ.
Consider the retraction ρ A 1 ,−C f onto the apartment A 1 and define
Since γ was first folded at j 1 the hyperplane H j 1 separates C j 1 from −C f in A. But then A 1 does not contain C j 1 = C j 1 −1 . We can conclude that G 1
is the unique chamber in A 1 adjacent to C j 1 at F j 1 that is not contained in A. But then G 1 j 1 = C j 1 and g j 1 is a gallery in A 1 that is not folded at j 1 . The apartments A 1 and A contain both subsectors of −C f and are therefore isometrically mapped onto each other under both of the (inverse) retractions ρ| A 1 : A 1 −→ A and
Now we reduced the problem to a shorter gallery with one folding less, namely to the gallery
We drop the first part of the gallery g j 1 and change the apartment. Repeating the same step as above for A 1 instead of A and γ j 1 instead of γ for the second folding index j 2 one gets again a gallery g j 2 unfolded at j 2 > j 1 contained in the apartment A 2 that is mapped onto γ j 1 via ρ A 1 ,−C f and with this onto γ via ρ.
Iterating these steps k = #J times, the construction leads to a sequence of apartments A j 1 , . . . , A j k , each of which contains a subsector of −C f . It also leads to two sequences γ j 1 , . . . , γ j k and g j 1 , . . . , g j k of galleries. The γ j i are of length p − j i and are contained in A j i . The retraction ρ A j i−1 ,−C f maps g j i onto γ j i−1 in the apartment A j i−1 .
The sequence of retractions ρ A j i ,−C f is compatible concerning concatenation since each apartment onto which the building is retracted contains a subsector of −C f ⊂ A and therefore the restriction of each of the retractions onto each of the apartments is an isometry. We therefore can combine the piecewise unfolded galleries to a completely unfolded one in ∆ that is defined as
which is mapped onto γ via ρ.
Since we did all the work in the propositions 3.8 and 3.11 we are now able to prove the convexity theorem in a rather short way.
Proof. [of the convexity theorem] Let y be a point in C f and t the type of a minimal gallery connecting 0 and y. We know that (by definition) π −1 0 (y) is the same as the set r −1 (W y) since the image of π 0 is nothing else than the quotient of the image of r by the group action of the spherical Weyl group W .
By proposition 3.8 we know that any x ∈ A type 0 (y) is an endpoint of a positive folded gallery γ of type t starting in 0, i.e. can be reached by (positively) folding a gallery of type t connecting 0 and a point y ′ ∈ W y. Such a gallery γ can be unfolded in ∆ by proposition 3.11 to a minimal gallery which is projected onto γ by ρ. For any vertex x ∈ A type 0 (y) we therefore can construct a preimage under ρ. This implies that ρ| π 
Application
We give an application of the convexity theorem. Let ∆ be a thick affine building with spherical building ∆ ∞ at infinity. Let −c f be the chamber at infinity corresponding to the opposite of the fundamental sector in a fixed apartment A.
Assume G is agroup acting on ∆ and on ∆ ∞ by automorphisms such that G has a spherical BN -pair. Then B equals Stab(−c f ) and acts transitively on the chambers {−c Using the action of G on the affine building ∆ we can identify the cosets of K with elements in ∆ as follows. We will identify gK with its image of the origin 0 in ∆. Since K stabilises the origin 0 we identify K with 0 and gK with g0 ∈ ∆.
The map p : utK → tK is called the Iwasawa projection. Since any apartment containing −c f at infinity is of the form uA where u ∈ U . The apartments A and uA contain a common sector of the equivalence class −c f which is fixed by U since U ∩ T = 1. Therefore p is a retraction which fixes intersections of apartments containing −c f at infinity, diminishes distance and whose restriction to uA is an isometry uA → A. This implies: The Iwasawa projection is the retraction ρ defined in chapter 2.2.
Take a vertex tK ∈ A. The preimage in ∆ of tK under p = ρ is U tK. The set G, defined in chapter 2.2, of all points in ∆ having the same distance to 0 as tK, can be described as KtK. With this the convexity theorem reads as follows:
Theorem 3.12. For any group G acting as above on ∆ and for any vertex tK in the fixed apartment A we have:
As a consequence of this theorem we also have the weaker result of Silberger (compare [Sil75] ) for connected semisimple algebraic groups, defined over p-adic fileds.
